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The phase diagram and critical behavior of the spin-1 Baxter-Wu model with a crystal field in two dimen-
sions is explored by renormalization group, conventional finite-size scaling, and conformal invariance tech-
niques. We found that the phase diagram of this model is qualitatively the same as that of the dilute 4-states
Potts model, presenting a multicritical point for a finite value of the crystal field, in disagreement with previous
work based on finite-size calculations. However, our results indicate that the critical exponents vary continu-
ously along the second-order transition line, differently from the expected behavior of the dilute 4-states Potts
model.









































The Ising model1 was the first nontrivial model exactl
solvable in two dimensions which exhibits spontaneous s
metry breaking. It became the most popular ferromagn
model in statistical mechanics and even today is the objec
several studies in other contexts such as random syste2
The dynamics of the Ising model is described by the Ham
tonian
HI52J(
^ i , j &
sisj , ~1!
where the sum is over all nearest neighbors and the clas
spin variablessi561 are attached at each siteof the lat-
tice. In the mid 1960s, Blume and Capel3 proposed an exten
sion of the Hamiltonian~1! to study first-order magnetic
phase transitions. Their Hamiltonian is given by
HBC52J(





whereD plays the role of a crystal field and in this case t
variablessi are classical spin-1 variables taking the valu
si521,0,1.
It is well established that for dimensionsd>2 the Blume-
Capel model@Eq. ~2!# presents a phase diagram with order
ferromagnetic and disordered paramagnetic phases sepa
by a transition line which changes from a second-order ch
acter~Ising type! to a first-order one at a tricritical point~see
Ref. 4, and references therein!. More specifically, in two di-
mensions, the machinery coming from conform
invariance5,6 indicates that at this multicritical point the long
range fluctuations are governed by a conformal field the
with central chargec57/10.4,7,8 In this case, all the critica
exponents and the whole operator content of the model w
obtained8 ~see also Ref. 4!. The generalization to higher spi
S of this model has also been studied.4,9–12 In particular,
results of mean-field theory,11 conformal invariance,4 and
Monte Carlo simulations12 predict different phase diagram












results based on real-space renormalization groups.9,10 Re-
cently, the universality at a double critical end point in t
two-dimensional spin-3/2 Blume-Capel model has been a
lyzed and it was shown that it belongs indeed to the sa
universality class as the critical line.13
Another simple model exactly solvable in two dimensio
exhibiting spontaneous symmetry breaking is the Baxter-
model.14–16 This model is defined on a triangular lattice b
the three-spin interaction Hamiltonian
HBW52J(
^ i jk &
sisjsk , ~3!
where the sum extends over all elementary triangles of
lattice andsi561 are Ising variables located at the site
This model is self-dual17 with the same critical temperatur
as that of the Ising model on a square lattice. The criti
behavior of the Baxter-Wu model is governed by a conf
mal field theory with central chargec51,15,16and its leading
exponents14–16 a52/3, n52/3, andh51/4 are the same a
those of the 4-states Potts model.18
In analogy with the Blume-Capel model, in this paper w
consider the Baxter-Wu model in the presence of a cry
field. The Hamiltonian of the spin-1 Baxter-Wu model with
crystal field is given by
H52J(





where the classical spin variablessi , defined in a triangu-
lar lattice, take the values i521,0,1. Note that when
D→2` only the configurations withsi561 are allowed,
and we recover the pure Baxter-Wu model.
Since we have in the Baxter-Wu model with a crystal fie
the same kind of competition between the ordered (^s&Þ0)
and the disordered phases (^s&50) ~which is mediated by
the crystal field! as in the Blume-Capel model, we may e
pect for both models a similar phase diagram, but with d
ferent critical behavior. This kind of competition also a
pears in the diluteq-states Potts model.19 It is well known







































































M. L. M. COSTA, J. C. XAVIER, AND J. A. PLASCAK PHYSICAL REVIEW B69, 104103 ~2004!the same critical exponents~ ee, for example, Ref. 14!. Since
the dilution in the 4-states Potts model has the same effe
the crystal field in the Baxter-Wu model, we may expect
critical behavior of both models to be the same. Some p
vious calculations of the phase diagram of both models h
been reported in the literature. Nienhuiset al.,19 based on a
renormalization-group study, indicate that for the dilu
4-states Potts model the phase diagram is similar as tha
the Blume-Capel model, i.e., there is a transition line wh
changes from a second-order character to a first-order on
a multicritical point. In this case, however, the critical beha
ior is governed by only one fixed point, giving along th
second-order line the same exponents as that of the
4-states Potts model. On the other hand, Kinzelet al.,20 using
finite-size methods, conjectured a different kind of phase d
gram for the Baxter-Wu model in the presence of a crys
field. These authors interpreted the changes of the estim
thermal exponentsyt along the transition line as a signal th
a second-order transition should happen only forD→2`
~the pure Baxter-Wu model!.
A careful study of the pure Baxter-Wu model has a
been done by exploring its Bethe-ansatz solution.14–16Using
the consequences of conformal invariance, it has b
shown15,16that in the absence of dilution (D→2`) not only
the leading critical exponents of the Baxter-Wu model a
the 4-states Potts model are identical, but the whole oper
content of the models coincides as well. Moreover,
masses of the field theory describing the thermal and m
netic perturbations of both models are also identical.16 Since
the reported effects of the dilution in both systems are
ferent, we decided in this paper to study the effect of dilut
~or crystal field! in the Baxter-Wu model in two dimension
using the machinery of conformal invariance a
renormalization-group techniques.
This paper is organized as follows. In the following se
tion we present the phase diagram obtained through
mean-field renormalization-group approach. In Sec. III
present the transfer matrix of the model, the relations use
our finite-size studies, as well as the results for the ph
diagram. We then close the paper in Sec. IV with a summ
and conclusion.
II. MEAN-FIELD RENORMALIZATION GROUP
The mean-field renormalization group~MFRG!21,22 is a
powerful phenomenological approach which can prov
quite good results in the general study of critic
phenomena.23 It is based on the comparison of the ord
parameter for different finite lattices in the presence
symmetry-breaking boundary conditions. For a finite clus
of N spins, and considering the parameters of the Ham
tonian ~4!, one first computes the magnetization per s
mN(K,D,b), whereK5bJ, D5bD, andb is the boundary
field, with b51/kBT andkB the Boltzmann constant. As th
boundary field is assumed to be very small one has































In its simplest version, the MFRG considers two differe




where,5(N/N8)1/d is the scaling factor,d is the dimension
of the lattice, andyH the magnetic exponent. With the sam
relation for the boundary fields, namely,
b85,d2yHb, ~7!
and taking into account expansion~5! one has
f N~K,D !5 f N8~K8,D8!, ~8!
which is independent of any scaling factor and is viewed a
renormalization recursion relation from which one ge
fixed-point solutionsK85K5Kc and estimates of correla
tion length critical exponentsn in the subsetD85D.
Another version of the approach considers three differ
clusters ofN9, N8, andN spins~in increasing order! together
with the scaling~6! in such a way that one gets
f N8~K8,D8!b85,1
d2yH f N~K,D !b, ~9!
f N9~K9,D9!b95,2
d2yH f N8~K8,D8!b8, ~10!
where the scaling factors are,15(N/N8)
1/d and ,2
5(N8/N9)1/d. Imposing now that the boundary fields sca





where yhs is the surface critical exponent. Equations~9!–
~11! are now the renormalization recursion relation betwe
the interaction parameters of the system. The exponend
2yH2yhs is then determined self-consistently by imposi
further that Eqs.~9! and ~10! possess the same fixed poi
K95K85K5Kc for an invariant subsetD95D85D ~for
further details and a comparison between these two
proaches see Refs. 22 and 23!. This version of the method is
referred as surface bulk MFRG~SBMFRG!.
Before applying the MFRG to the spin-1 Hamiltonia
defined by Eq.~4!, it is worthwhile to measure the efficienc
of the method by first treating the pure spin-1/2 Baxter-W
model @Eq. ~3!#, where exact results are available. Since
model exhibits three different ferrimagnetic phases at l
temperatures,24 it is supposed, at first sight, that the size
the finite blocks must be such that they will suitably acco
modate them in an equivalent way throughout the latti
These would dramatically restrict the size of the cluste
However, we note that by computing the sublattice magn
zationsmA , mB , andmC , by taking three different boundar
fields bA , bB , andbC , we obtain the same equations as
considering a homogeneous cluster wheremA5mB5mC and
bA5bB5bC . This is not surprising, bearing in mind that th
ferromagnetic phase is also coexisting with the other th
ferrimagnetic ones at low temperatures. This means that
practical purposes, we can consider only the ferromagn
















































PHASE DIAGRAM AND CRITICAL BEHAVIOR OF THE . . . PHYSICAL REVIEW B 69, 104103 ~2004!spins. This leads to a huge simplification in the numeri
acquisition of the functionsf N(K). For this particular sys-
tem, the best clusters are those which preserve the symm
of the original lattice. They are made of symmetric triang
of N56,10,15,21,28 spins. Although forN56 we can obtain
analytical expressions form6(K,b) and f 6(K), for N>10 all
the quantities have to be computed numerically. In Tabl
we present the critical temperature and critical exponent
tained according to the usual MFRG and also from the S
MFRG. It is also possible through the MFRG get
extrapolation.23 Note that, for the present case, the extrap
lated value is not so close to the exact result. This is, in f
expected since the MFRG does not reproduce the exact v
as the size of the lattices go to infinity.22 Although the SB-
MFRG does,22 the present clusters are still too small for us
get a reasonable extrapolation. However, as can be seen
Table I, the temperatures are getting closer to the exact v
as the size of the clusters increase. Note that, while
MFRG approaches the expected result from above, the
MFRG does it from below. A common feature of the prese
renormalization group is still a worse estimate of the criti
exponent when compared to the critical temperature. Ne
theless, in general, a reasonable picture of the criticality
the system is achieved from the approach.
We now proceed to the study of the spin-1 model w
crystal-field anisotropy. The same symmetry arguments
apply for this model. However, due to computer time, w
were here limited to block sizesN56,10,15. The phase dia
gram in thed5D/J versuskBT/J plane is depicted in Fig. 1
according to both procedures, as well as from the finite-s
scaling ~FSS! procedure of the following section, and th
usual mean-field~MF! approximation. The latter approach
obtained by assumingmN5b in Eq. ~5!, resulting in f N51.
Except for the FSS, all the lines terminate at some po
which is identified as the multicritical point. The first-ord
transition lines are not possible to be obtained neither fr
the MFRG nor from the SBMFRG. Comparing with the FS
result, discussed in the following section, we can see that
MFRG overestimates the critical temperature while the s
face bulk version underestimates it. This is just what happ
in the pure case, as shown in Table I, when compared to
TABLE I. Results for the pure spin-1/2 Baxter-Wu model a
cording to the MFRG and SBMFRG approaches.



































exact critical value. The estimate of the multicritical point
given in Table II. The SBMFRG and MFRG give critica
exponents that vary along the second-order critical li
However, this fact, may be just an artifact of these a
proaches, since there is only one renormalization recurs
relation.23 In the following section, we analyze in the conte
of conformal invariance the possibility of the critical exp
nents vary along the second-order line.
III. FINITE-SIZE SCALING AND CONFORMAL
INVARIANCE
The row-to-row transfer matrixT̂ of the Hamiltonian~4!
in a triangular lattice, with horizontal widthN, has dimension
3N33N. Its coefficients^s18 , . . . ,sN8 uT̂us1 , . . . ,sN& are the
Boltzmann weights generated by the spin configuratio
$s1 , . . . ,sN% and $s18 , . . . ,sN8 % of adjacent rows. If we con-
FIG. 1. ~Color online! Phase diagram in thed vs kT/J plane for
the spin-1 Baxter-Wu model in the presence of a crystal field. C
tinuum lines are second-order phase transitions and the dashed
is a first-order transition~see the following section!. The dot repre-
sents the multicritical point. The results are according to the MF
with two clusters, SBMFRG with three clusters, FSS~see the fol-
lowing section! and MF approximation with one cluster. The siz
of the clusters used are also presented.
TABLE II. Position of the multicritical point for the curves
shown in Fig. 1.
























































M. L. M. COSTA, J. C. XAVIER, AND J. A. PLASCAK PHYSICAL REVIEW B69, 104103 ~2004!sider periodic boundary condition in the horizontal directio
the transfer matrix can be written as




exp@ t21si 11si8~si1si 118 !2dt
21si
2#, ~12!
with t5kBT/J (kB is the Boltzmann constant! andd5D/J.
The finite-size behavior of the eigenvalues ofT̂ „L0(N)
.L1(N), . . . … can be used to determine the critical line a
the critical exponents.5,6,25The critical line@ tc(d)# is evalu-
ated by extrapolating to the bulk limit (N→`) the sequences
tc(d,N) obtained by solving
GN~ tc!N5GN13~ tc!~N13!, N53,6, . . . , ~13!
whereGN(tc) is the mass gap ofH52 ln T̂ and is given by
GN~ tc!5 lnS L0~N!L1~N! D .
The multicritical points are obtained using a heuris
method, which has already been proved to be effective.4,26 In
this case we have to solve simultaneously Eq.~13! for three
different lattice sizes
GN~ tc!N5GN13~ tc!~N13!5GN16~ tc!~N16!,
N53,6, . . . . ~14!
In Eqs.~13! and~14! we restricted the possible finite stri
widths to multiples of 3 in order to preserve the invariance
the Hamiltonian~4! under the reversal of all spins on an
two sublattices.
As usual, we expect the model to be conformally invaria
in the region of continuous phase transition. This invarian
allows us to infer the critical properties from the finite-si
corrections of the eigenspectrum attc .
5,6 The conformal
anomalyc, which labels the universality class of critical b
havior, can be calculated from the large-N behavior of the







wheree` is the ground-state energy per site in the bulk lim
andvs5A3/2 is the sound velocity. The scaling dimensio
of operators governing the critical fluctuations~related to the
critical exponents! are evaluated from the finite-N correc-
tions of the excited states. For each primary operator, w
dimensionxf , in the operator algebra of the system, the
TABLE III. Finite-size datatc
N,N13 given by Eq.~13! for the
critical temperaturetc for some values ofd.
N 210 21 1 1.25 1.3
3 2.246 498 1.843 818 1.358 399 1.251 121 1.226 9






exists an infinite tower of eigenstates ofH52 ln T̂ whose
energy ln(Lm,m8
f ) and momentumPm,m8


















wherem,m850,1, . . . .
A finite-size estimate for the first-order transition line c
be obtained by the same procedure done as in a recent w4
At the first-order line of the Baxter-Wu model with a cryst
field, we have the coexistence of five phases, one orde
ferromagnetically, three ordered ferrimagnetically, and a d
ordered one. Consequently, for a given lattice sizeN we cal-
culate the points where the gap corresponding to the fi
eigenvalue has a minimum. The extrapolationN→` of these
points give us an estimate for the first-order transition lin
In the numerical diagonalization of Eq.~12! we used the
Lanczos method for non-Hermitian matrices.27 We also con-
sidered the translational symmetry to block diagonalize
transfer matrix.
In Fig. 1 we show the second-order transition line~con-
tinuum line!, obtained by solving Eq.~13! for lattice sizes
N56. As we can see in this figure the second-order tran
tion line also occur for finite values of the crystal fie
(dÞ2`), differently of the previous results of Kinze
et al.,20 where it was conjectured the appearance of
second-order transition only atd→2`. For the pure
Baxter-Wu model (d→2`) we obtainedtc2150.440 884 2
for N56 in Eq. ~13!, which differs only 0.04% of the exac
value tc
215 ln(A211)/250.440 686 . . . . Forthis reason, it
is a very good approximation to considertc(d)5tc
6,9(d).
For the sake of clarity, we present in Table III the finit
size sequences obtained by solving Eq.~13! for lattice sizes
N53 andN56. As we can see from this table the conve
gence oftc are better ford.0, so we expect that the est
mates oftc
(6,9)(d) are better than the corresponding ones
the regiond,0. The fast convergence withN indicates that
the corrections to finite size are probably given by a pow
law, such as in the pure Baxter-Wu model. In this last c
the corrections are controlled by an operator with dimens
w54.15
We have also solved Eq.~14! for N53, which gives us an
estimate for the multicritical point. In this case we do n
have points to extrapolate, but we believe the estimate of
multicritical point, the last point in the continuum line in Fig
1, is not far from the extrapolated one. Our estimate for t
point is t t51.2225 andd t51.3089.
We determined the first-order line minimizing the gap r
lated with the fifth eigenvalue, as discussed before. T
dashed line shown in Fig. 1 was obtained in this proced
consideringN59. As we can see in this figure, the first-ord













































PHASE DIAGRAM AND CRITICAL BEHAVIOR OF THE . . . PHYSICAL REVIEW B 69, 104103 ~2004!In the critical regions of the phase-transition line~con-
tinuum curve! the conformal anomaly and the scaling dime
sions can be calculated exploring the conformal invaria
relations ~15! and ~16!. From Eq. ~15! a possible way to











calculated attc(d). In Eq. ~17! Ln,p(N) means thenth ei-
genvalue of Eq.~12! with sizeN in the sector with momen
tum p. Examples of such sequences for the Baxter-Wu mo
with a crystal field are shown in Table IV. The extrapolat




wherea is a constant andw the dominant dimension assoc
ated with the operator governing the finite-size correctio
We determinec` assuming Eq.~18! exact forN53 andN
56 with w given by the pure Baxter-Wu model, i.e.,w54.15
We see from Table IV that the conformal anomaly isc51
along the critical line, and apparently even at the multicr
cal point. This scenario is quite different from that of th
Blume-Capel model, where the conformal anomaly chan
abruptly from c51/2 at the critical line toc57/10 at the
tricritical point ~see Ref. 5!, but it is qualitatively similar as
that of the dilute 4-states Potts model,19 where along the
critical line the critical exponents as well the conform
anomaly do not change. Since we do not have a pre
estimate for the multicritical point, we have also calculat
cN,N13 for several values oftc(d) between 1.2,tc(d)
,1.4. We have not seen any abrupt change of the confor
anomaly, such as in the Blume-Capel model.4
From Eq.~16! the scaling dimensionsx(n,p) related to
thenth (n51,2, . . . )energy in the sector with momentump




lnS L1,0~N!Ln,p~N! D . ~19!
In Table V we show the dimensionsxN(1,0) andxN(2,0) for
the Baxter-Wu model with a crystal field. Note thatx9(1,0)
TABLE IV. Finite-size estimatescN,N13, given by Eq.~17!, for
the conformal anomaly is shown for some values ofd. The extrapo-
lated results obtained by Eq.~18! are also shown.
N 210 21 1 1.25 1.3089
3 0.938 546 0.941 169 0.954 322 0.955 674 0.955 0
6 0.986 393 0.986 829 0.986 656 0.979 694 0.975 4










5x6(1,0) due to Eq.~13! and the fact that we choosetc(d)
5tc
6,9(d). At the tricritical point the three entriesxN(1,0) are
also the same due to Eq.~14!. For d→2` ~the pure
Baxter-Wu model! the scaling dimensionsx9(1,0) and
x9(2,0) differ only 1% from the leading dimension
x9(1,0)5 18 andx
9(2,0)5 12 of the pure Baxter-Wu model. As
the estimate of the critical line is better in the regiond.0
and the eigenvalues converge faster with the size of the
tice in this region, we believe that our estimates for the sc
ing dimensions are better in the regiond.0 than the corre-
sponding ones ford,0, i.e., the estimatesx9(1,0) and
x9(2,0) must differ by less than 1% from the extrapolat
values ford.0. Note that when we increase the crystal fie
d these values change continuously up tox9(1,0);0.10 and
x9(2,0);0.28 at the multicritical point. This scenario is qui
different from that of the Blume-Capel model, which is not
surprise since both models are in different universa
classes of critical behavior. However it is also distinct fro
the scenario of the dilute 4-states Potts model, where
scaling dimensions along the critical line are believed to
the same as that of the pure 4-states Potts model. If
dilution had the same role in both models, we should exp
for the dilute 4-states Potts a continuous line of fixed po
however this was not found.19
IV. SUMMARY AND CONCLUSION
In this paper we have calculated the phase diagram
critical properties of the spin-1 Baxter-Wu model in the pre
ence of a crystal field. Our results, based on renormaliza
group, finite-size scaling, and conformal invariance, show
second-order transition line separated from a first-order tr
sition line by a multicritical point. This scenario is in dis
agreement with that of a previous paper by Kinzelet al.,20
where the second-order transition line appears only in
limiting caseD→2`. The critical behavior was determine
by renormalization group and conformal invariance. Desp
the phenomenological renormalization group be not so c
clusive regarding the critical exponents, the conformal
variance results indicate that along the critical line, and e
at the multicritical point, the conformal anomaly is the sam
as that of the Baxter-Wu model or the 4-states Potts mo
TABLE V. Finite-size scaling dimensionsxN(1,0) andxN(2,0)
given by Eq.~19! for some values ofd.
N59 N56 N53
xN(1,0) d5210 0.1236 0.1236 0.1195
d521 0.1223 0.1223 0.1184
d51 0.1113 0.1113 0.1093
d51.25 0.1048 0.1048 0.1043
d51.3089 0.1026 0.1026 0.1026
xN(2,0) d5210 0.5059 0.5147 0.6057
d521 0.4897 0.4976 0.5756
d51 0.3644 0.3762 0.4163
d51.25 0.3023 0.3207 0.3613



















M. L. M. COSTA, J. C. XAVIER, AND J. A. PLASCAK PHYSICAL REVIEW B69, 104103 ~2004!i.e., c51, in agreement with the scenario expected for
dilute 4-states Potts model. However, our results indicate
the scaling dimensions vary continuously with the crys
field. This is an unexpected behavior since the reported
sults for the dilute 4-states Potts model indicate a consta
of the scaling dimensions along the phase-transition lin19
and it is expected that both models belong to the same
versality class of critical behavior. This result implies th
either contrary to what occurs with thermal and magne
perturbations the effect of dilution is distinct in th
Baxter-Wu and in the 4-states Potts models, or the scen
based in renormalization group for the dilute 4-states P
model is wrong. It would be interesting to verify our resu
using different numerical techniques, such as Monte Ca

















50 has already been done and different exponents as t
of the pure Baxter-Wu model have been achieved.28 Exten-
sive Monte Carlo simulations fordÞ0 are in progress and
will be present elsewhere.
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